ABSTRACT. We compute the rational Betti cohomology groups of the coarse moduli spaces of geometrically marked Del Pezzo surfaces of degree three and four as representations of the Weyl groups of the corresponding root systems. The proof uses a blend of methods from point counting over finite fields and techniques from arrangement complements.
INTRODUCTION
Let C 3 ⊂ |O P 3 C (3)| be the open subset of the linear system of space cubics which parametrises smooth cubics. It is a 19-dimensional space with an induced action of PGL 4 (C) and we denote by C 3 its quotient -the 4-dimensional coarse moduli space parametrising isomorphism classes of smooth cubic surfaces. For W (E 6 ) the Weyl group of E 6 , we have a W (E 6 )-cover
parametrising smooth cubics up to isomorphism along with a geometric marking, in other words a special type of basis of the Picard group (we refer to Section 2 for further particulars). This basis corresponds to the choice of six points in P 2 in general position, blowing which up gives the cubic and six disjoint lines in it. There is a vast number of papers and books on the subject of the 27 lines in a smooth cubic X as well as their configuration, and we refer to [Dol12] for a modern account and further references. The above mentioned W (E 6 ) is the automorphism group of the set of lines and its action extends to the moduli space D 3 . In this paper we will be interested in the action of W (E 6 ) on the cohomology groups H i (D 3 , Q).
We summarise now what is known about the cohomology of the above and related spaces. Unless otherwise specified, cohomology will always denote Betti cohomology with rational coefficients and we shall usually write H i (X) for H i (X, Q). A result of [Vas99, Theorem 4 ] computes the Poincaré polynomial of C 3 as P C 3 (t) := i dim H i (C 3 , Q) t i = (t 3 + 1)(t 5 + 1)(t 7 + 1), which agrees with P PGL 4 (C) (t), giving that H i (C 3 , Q) = 0 for i > 0 from a LerayHirsch-type result of Peters-Steenbrink [PS03] . More recently Das, in two papers [Das18] , [Das19] , extended Vasiliev's results to compute the cohomology of the universal cubic surface U → C 3 and also of the 27-to-1 cover C 3 (1) → C 3 of cubics along with a line. On the other hand there exist various compactifications of C 3 , and an up-to-date summary of the computation of their cohomology is given for example in [CGHL19, Appendix C] . When one adds the data of a geometric marking, the cohomology becomes quite non-trivial. Despite this, it is not difficult to compute the Poincaré polynomial of D 3 using the Orlik-Solomon formula or using point counts in positive characteristic, both of which we sketch now as an introduction to the two main techniques used in this paper.
Lemma 1.1. The Poincaré polynomial of D 3 is as follows P D 3 (t) = 1 + 15t + 81t 2 + 185t 3 + 150t 4 .
Proof. The variety D 3 is isomorphic to the moduli space P 6 of 6 points in the plane in general position up to projective equivalence, see [DO88] . The map P 6 → P 5 is a fibration with fibre F a P 2 with the 10 lines through pairs of the first five points as well as the conic through the first five points taken away. By the Orlik-Solomon formula, the fibre F has Poincaré polynomial 1 + 10t + 25t 2 . By taking the first four points to the points we identify P 5 with the projective plane with the 6 lines through pairs of these points taken away. Again, using the Orlik-Solomon formula we obtain that P 5 has Poincaré polynomial 1 + 5t + 6t 2 . The result now follows from the Künneth decomposition. Alternatively (see Section 3.2 for details in what follows), it is elementary to check that |P F 6,Fq |, the number of Frobenius-fixed points of the same variety considered over F q , is given by the formula q 4 − 15q 3 + 81q 2 − 185q + 150.
The Lefschetz trace formula gives that A result of Dimca-Lehrer now implies that Frobenius acts by multiplication with q i−4 on the i-thétale cohomology group with compact support, so one concludes from Poincaré duality.
As mentioned above, the Weyl group W (E 6 ) acts on H i (D 3 ), but as its order is 51840 and it has 25 irreducible representations, determining the decomposition of H i (D 3 ) as a W (E 6 )-representation is a highly non-trivial computational task. To our knowledge very little is known about this problem.
In the following, we use the notation φ e d for the 25 irreducible representations of W (E 6 ) (see [Car85, p411] for definitions and [Car85, for the list), where d denotes its dimension and e the smallest symmetric power of the standard representation of which φ e d is a direct summand. We note that the integers d, e uniquely determine the representation. The main result of this paper is the following. In particular, by taking the invariant part we see that the moduli space of unmarked Del Pezzo surfaces has the rational cohomology of a point, recovering Vasiliev's result mentioned before. The above representation structure can be used to compute cohomology of various geometric quotients of D 3 , for example by the action permuting the lines in a tritangent trio (see Section 4).
We now give a short description of the strategy of the proof, which proceeds by applying two different techniques. First, as already seen in Lemma 1.1, we have an isomorphism D 3 ∼ = P 6 to the space of six points in general position in P 2 , on which the symmetric group S 6 acts by permuting the points. Results of Dimca-Lehrer [DL97] prove that the ℓ-adic cohomology with compact support H í et,c (P 6,Fq , Q ℓ ) (where P 6,Fq is the same variety but considered over the field F q ) is especially wellbehaved, in the sense that Frobenius acts with all eigenvalues equal to q i−4 . This allows us, using Lefschetz trace formulas, equivariant point counts and Poincaré duality, to determine H í et (P 6,Fq , Q ℓ ) ∼ = H i (P 6,C , C) as a representation of S 6 . The group S 6 is rather small in comparison to W (E 6 ) however, so this does not give the complete picture. On the other hand, this method also works for Del Pezzo surfaces of degree 4, namely the smooth intersection of two quadrics in P 4 , and in this case completely determines the cohomology as a representation of the corresponding Weyl group W (D 5 ), which to our knowledge, was also not known. 
As alluded to, there are still a number of different irreducible representations of W (E 6 ) that restrict to the same ones of S 6 , so further work is required to complete the proof of Theorem 1.2. The second technique necessary, is one pioneered by Looijenga [Loo93] in the context of such problems. The idea is the following. We construct covers of D 3 which parametrise further structure, such as singular anticanonical sections along with a singular point, which are higher dimensional varieties yet turn out to be given by complements of hyperplane or toric arrangements. As such, they have richer cohomology which is nevertheless more accessible to compute.
To give an explicit example (see Sections 4, 5 for further particulars), let D n 3 be the coarse moduli space parametrising triples (X, A, p) where A ∈ H 0 (X, −K X ) and p ∈ A the only node on A. The forgetful morphism D n 3 → D 3 has 2-dimensional fibres, and one can prove that there is a W (E 6 )-equivariant isomorphism
to the complement of 36 hypertori in a 6-dimensional torus modulo a natural action by the group of two elements. This allows the computation of H i (D n 3 ) as a W (E 6 )-representation by an Orlik-Solomon-type formula of Macmeikan and an algorithm of the first author [Ber16] .
Remark 1.4. We stress again that there is no hope of performing these computations by hand, for example the Poincaré polynomial of D n 3 is 1 + 36t + 525t 2 + 3960t 3 + 16299t 4 + 34884t 5 + 30695t
6 and the size of the posets being summed over in Theorem 5.2 are often in the tens of thousands, so the computer algebra package Sage is used here. We perform these computations also for the spaces parametrising singular anticanonical points in the D 4 case as they may be of independent interest -Looijenga already related his results on D n 2 to moduli of quartic curves with level structure. See also [Ber19a] and [Ber19b] as well as [RSS16] where similarly large numbers arise in the study of moduli spaces of tropical Del Pezzo surfaces of degree 3 and 4.
Going back to the proof of Theorem 1.2, consider now also the space D c 3 of cuspidal points, which has a similar description in terms of hyperplane arrangements, and let U = D n 3 ⊔ D c 3 → D 3 . We have that U is an open subset of the moduli space D a 3 parametrising triples (X, A, p) where A ∈ H 0 (X, −K X ) is singular and p ∈ A is a singularity of A. We observe that the forgetful morphism from D a 3 to D 3 is proper so we obtain an injection of mixed Hodge structures
. By analysing the mixed Hodge structures of D a 3 , U and Z = D a 3 \ U one sees that we in fact get an injection of mixed Hodge structures
The groups H i (U, C) are easily computed from the cohomologies of D n 3 and D c 3 . Performing similar operations for various such spaces U allows us to sieve out the remaining extraneous irreducible representations and conclude the result.and satisfies K 2 X = d. One proves that 1 ≤ d ≤ 9. A Del Pezzo surfaces of degree d is isomorphic to the blowup of P 2 in 9 − d points except if d = 8 where X is either the blow up of P 2 in a single point or X ∼ = P 1 × P 1 .
The Picard rank of such a surface is ρ = 10 − d. Given r = 9 − d points P 1 , . . . , P r ∈ P 2 in general position, the Del Pezzo surface π : X → P 2 of degree d obtained by blowing up these points has basis for the Picard group
where L = π * O(1) is the strict transform of a line in P 2 and E i is the exceptional curve which is the inverse image of P i . Such a basis coming from a blowup is called a geometric marking. Note that −K X .E i = 1 so the exceptional divisors are lines under the anticanonical map X → P d (which is a closed embedding if d ≥ 3). Of course, there are usually other such lines contained in X, leading to the fact that X can be represented as the blowup of projective space in multiple ways, and also that there can be many geometric markings. We describe now the group of automorphisms of such markings.
For S ⊂ {1, . . . , r} let
The set Φ d consisting of the above elements and their negatives is then a root system of type
spanning the orthogonal complement K ⊥ X (with respect to the intersection pairing) of the canonical class. We thus have that the Weyl group W (Φ d ) of the root system Φ d acts on the set of geometric markings of a Del Pezzo surface of degree d. As is usual, we will denote by ℓ, k, e 1 , . . . , e r the elements of the corresponding lattice
The coarse moduli space of Del Pezzo surfaces is of dimension max{0, 2(5 − d)}. Expressed as the blowup of P 2 , a Del Pezzo surface comes naturally equipped with a geometric marking and this construction gives rise to a moduli space D d of Del Pezzo surfaces along with a geometric marking. The map forgetting the marking is finite and is the quotient by the Weyl group W (Φ d ).
POINT COUNTS
Let p be a prime number, n a positive integer and let q = p n . Let F q denote a finite field with q elements, F q m a degree m extension and let F q denote an algebraic closure of F q . Let X be a scheme separated and of finite type over F q which is defined over F q , and let F = F X/Fq : X → X denote the relative (i.e. linear) q-power Frobenius endomorphism. Let ℓ = p be another prime number and let H í et,c (X, Q ℓ ) denote the i-th compactly supported ℓ-adic cohomology group of X, noting that the induced action of F on this group is geometric Frobenius. Recall that if X is smooth and integral (but not necessarily proper) of dimension n, we have Poincaré duality which in this case gives
. Let Γ be a finite group of rational automorphism of X. For an element σ ∈ Γ, we write Fσ for the composition and X Fσ for the number of fixed points of Fσ in X(F q ).
Recall the following form of the Lefschetz fixed point formula (e.g. [DL76, §3])
We will now show how point counts can lead to information about H ḱ et,c (X, Q ℓ ) as a Γ-representation, in the following particular case. Definition 3.2. Let X as above also be integral. We say that X is minimally pure if F acts on H í et,c (X, Q ℓ ) with eigenvalues equal to q i−dim X .
For example, for X minimally pure, the coefficient of a term of the form q k−dim X appearing in a computation of |X F σ | must necessarily be a contribution from the dimension of H ḱ et,c (X, Q ℓ ) in the following sense (cf. [KL02, 2.6])
where the second equality is a consequence of minimal purity and the fact that Fσ is F on the σ-twist of X. Note now that the value of the character of the representation is determined by a single representative of a conjugacy class, so in order to completely determine the Γ-representations H ḱ et,c (X, Q ℓ ), it will suffice to perform the equivariant point counts for representatives of conjugacy classes of Γ.
Recall that the moduli space D d of geometrically marked Del Pezzo surfaces of degree d is isomorphic to the moduli space P n of n = 9 − d points in general position in the projective plane up to projective equivalence. The symmetric group S n acts as automorphisms on P n by permuting the points. In the following two sections we will count the fixed points of P 5 and P 6 equivariantly with respect to S 5 and S 6 over a general finite field F q .
3.1. Five points in the projective plane. The computations are not very complicated, and since rather similar and somewhat tedious, we only present details in the two extremal cases (the identity element and a 5-cycle) to illustrate some aspects of what is going on. Proof. In order for a quintuple of points to be fixed by Frobenius they must all be defined over F q . Since the quintuple is in general position, there is an element in PGL(3, F q ) taking the first four points to the points
Thus, all we need to do is choose a point P 5 away from the six lines L 1 , . . . , L 6 between pairs of these four points. The lines L 1 , . . . , L 6 intersect at the points P 1 , P 2 , P 3 and P 4 and at three further points. Furthermore we have that each line contains exactly three points of intersection. Since |P 2 (F q )| = q 2 + q + 1 and |P 1 (F q )| = q + 1 there are
possible choices for P 5 .
We now turn to the case of a 5-cycle.
Lemma 3.4. Let P 1 , . . . , P 5 be five points in P 2 permuted cyclically by F. If three of them lie on a line L, then L is defined over F q and contains all five points.
Proof. Let P i , P j and P k be the points on L and let
Thus, L is defined over F q 5 and F q or F q 2 . Since 5 is coprime to both 1 and 2 we can in both cases conclude that L is defined over F q and that it thus contains all five points.
Proposition 3.5. Let σ ∈ S 5 be a 5-cycle. Then
Proof. We want to count quintuples of points P 1 , . . . , P 5 ∈ P 2 (F q ) which are (i) permuted cyclically by Frobenius, i.e. P 1 is defined over F q 5 but not over F q and P i = F i−1 P 1 and (ii) in general position.
There are
quintuples satisfying (i) and, by Lemma 3.4, we only need to make sure that a quintuple does not lie on a F q -line for it to be in general position. We thus pick one of the q 2 + q + 1 lines L in P 2 (F q ) defined over F q and then a point P 1 on L defined over F q 5 but not F q in one of (q 5 + 1) − (q + 1) = q 5 − q ways. We conclude that the number of quintuples satisfying both (i) and (ii) is
We divide by |PGL(3, F q )| = (q 2 + q + 1)(q 3 − q)(q 3 − q 2 ) to obtain P Fσ 5 = q 2 + 1.
The remaining cases are similar and we give the results in Table 1 .
q 4 − 15q 3 + 81q 2 − 185q + 150 TABLE 1. The S 5 -resp. S 6 -equivariant point count of P 5 and P 6 over F q for all conjugacy classes.
Proof. (of Theorem 1.3) As explained in the proof of Proposition 3.3, the space P 5 is isomorphic to P 2 \ ∆ where ∆ is the normal crossings union of 6 lines. Thus, P 5 is isomorphic to A 2 \∆ where∆ is the union of 5 lines. By the results of DimcaLehrer [DL97] , such a space is minimally pure. We thus see that H í et (P 5,Fq , Q ℓ ) takes the values on the conjugacy classes of S 5 as given in Table 2 . Note now that P 5 is smooth over Spec Z and admits P 2 as a compactification, so from [KL02, Corollary 1.3] we obtain that in such a case a base change isomorphism exists for the quasiprojective variety in question and thus S 5 -equivariant comparison isomorphisms
. In other words, the results of Table 2 hold also for H i (D 4 ). From this we see that H 0 is the trivial representation, that H 1 is 3.2. Six points in the projective plane. The task of finding the number of fixed points of Fσ in P 6 for each element of S 6 is complicated by the fact that we now also need to make sure that the points do not lie on a conic. Nevertheless, the computations are rather straightforward and we content ourselves with giving the results in Table 1 . We will see in Corollary 5.7 that also D 3 is minimally pure and the cohomological comparison theorems in the proof of Theorem 1.3 above apply here too. We thus have that the cohomology groups of D 3 as representations of S 6 are as given in Table 3 .
as a representation of S 6 , where s λ denotes the irreducible representation corresponding to the partition λ.
The general Del Pezzo surface of degree 3 does not have any automorphisms so the action of W (E 6 ) on D 3 does not factor as in the case of D 4 . There are many representations of W (E 6 ) restricting to the S 6 -representations given in Table 3 so we need more information in order to deduce the correct ones for Theorem 1.2.
ANTICANONICAL SECTIONS OF CUBICS AND QUARTICS
As explained in the introduction, the approach to computing the structure of
comes from first approximating it by understanding the S r -action on D d given by permuting the set of points in P 2 blown up to obtain a Del Pezzo surface X, via point counts in Section 3, and later by completing the picture by studying the cohomology, via arrangements, of various covers of D d . In this section we describe these covers which will be loci inside the moduli space of geometrically marked Del Pezzo surfaces of degree d along with a singular point of an anticanonical section A ∈ | − K X |.
Note that a smooth anticanonical section A of a Del Pezzo surface has genus one from the adjunction formula. We restrict from now on to the cases d = 3, where X is anticanonically embedded into P 3 as a smooth cubic surface, and d = 4, where X is anticanonically embedded into P 4 as the smooth intersection of two smooth quadrics. We require an analysis of the possible singularities an anticanonical section A ∈ |−K X | can have. We do not claim any originality here but include proofs of statements for lack of a precise reference. Proof. The first statement follows from Bertini's Theorem. Take A = a i C i ∈ | − K X |. As X is anticanonically embedded and −K X .A = d, there can be at most 4 irreducible components of A. We can choose a projection π : X → P 2 which does not contract any components of A. As A. (1) A is an irreducible nodal curve and J = G m , (2) A is an irreducible cuspidal curve and J = G a , (3) A consists of two P 1 's meeting transversely at two points and J = G m , (4) A consists of two P 1 's meeting tangentially and J = G a , (5) A consists of three P 1 's meeting in three distinct points and J = G m , (6) A consists of three P 1 's passing through a single point and J = G a , (7) A consists of four P 1 's in a square configuration and J = G m , Proof. The computation of the Jacobian of the above curves is standard and can be deduced for example from [HM98, §5.B]. From Lemma 4.1 we know that all a i = 1 and that if A has more than one component then all components are isomorphic to P 1 . Moreover, there cannot be more than 4 irreducible components. In degree 3 there can not be more than 3 irreducible components as every anticanonical section is a plane cubic. In degree 4, if a section has 4 irreducible components, these must be lines. By choosing a basis L, E 1 , . . . , E 5 of the Picard group, we note that for example E 1 , E 2 , 2L − E i , L − E 1 − E 2 are four lines in configuration (7), so this case always occurs in degree 4. An inspection shows that there are no triangle configurations of lines contained in degree 4, there can however be triangle configurations of 3 smooth
are three smooth rational curves, two of which are lines, giving configuration (5), and moreover these could even be chosen so that all three curves meet at one point, giving configuration (6). The generic cubic surface does not contain an Eckardt point (i.e. the intersection of three lines at a point), but special cubics do. On the other hand we saw that in degree 4 there are no Eckardt points as there are no triangle configurations of lines.
That the various other configurations occur as stated can be seen for example by projecting from a line ℓ (resp. a 2-plane containing two lines in X) onto P 1 in degree 3 (resp. degree 4). The fibres will be plane conics that can degenerate to the union of two lines, and in degree 3 the restriction of the projection ℓ → P 1 will be a degree 2 map, hence ramified at two points, in which case the conic will be tangent to ℓ. Similarly in degree 4, the projection X → P 1 from a plane containing a line ℓ has generic fibre a twisted cubic and ramification points of the map ℓ → P 1 correspond to tangency as in configuration (4) An elliptic pencil of hyperplanes, with central fibre an anticanonical section containing one of the lines in X will not be relatively minimal in the sense of [BHPV04, §V.7], but by degree considerations, the Kodaira classification of singularities of minimal elliptic fibrations and the discussion above one sees that an anticanonical section of degree d embedded in P d−1 can only be one of the ones listed in the statement. where n, c, 2n, tn, 3n, tp resp. 4n describe the type (and number) of singularities of A as appearing in configurations (1) − (7) of Proposition 4.2 respectively, for example the locus D 2n 3 consists of tuples (X, A, p) where A has two nodes and p is one of them, D tn 3 is the locus where A has a tacnode at p whereas for D tp 3 , A has a triple point namely the union of three curves through a point. (1) A general cubic surface has no automorphisms.
(2) The generic smooth cubic surface X containing an Eckardt point p ∈ X has exactly one Eckardt point and Aut(X) ∼ = Z/2Z is generated by the harmonic homology induced by p. This acts via an element of type 2A of the Weyl group. (3) The general X in D * 3 where * = n, c, 2n, tn, 3n has Aut(X) = 0. (4) A general degree four Del Pezzo X has Aut(X) ∼ = (Z/2Z) 4 , whose induced action on K ⊥ X is generated by r α 1 • r α i , for i = 2, 3, 4, 5, where r α i are reflections in the canonical root basis.
Proof. From [Tu01] , in the four dimensional moduli space M of cubics, the locus of surfaces having an Eckardt point is an irreducible divisor whereas the locus with two Eckardt points has codimension two and two irreducible components. From [Dol12, Theorem 9.5.8], a general such surface with an Eckardt point has exactly one automorphism, namely the one of [Dol12, Proposition 9. The final statement follows from [Dol12, §8.6.4]. The action of Aut(X) on the space K ⊥ X is easy to describe for a general X: for L, E 1 , . . . , E 5 a usual geometric basis for the Picard group, the four generators of (Z/2Z) 4 are the elements r α 1 •r α i , i = 2, 3, 4, 5, where α i form the canonical root basis
and r α i (v) = v + (α i .v)α i is the reflection in α i .
HYPERPLANE AND TORIC ARRANGEMENTS
In this section, we follow ideas of Looijenga [Loo93] to establish isomorphisms between last section's moduli spaces of geometrically marked Del Pezzo surfaces along with a singular point of an anticanonical section and complements of toric and hyperplane arrangements. As these isomorphisms follow in most cases verbatim, and in some with minor modifications, from the ones in [Loo93] , in the following paragraphs we only outline the construction of the various arrangement spaces so as to fix notation and give the reader an idea of the arguments.
Let (X, A, p) ∈ D n 3 be a cubic surface with a nodal anticanonical section as in the previous section. Consider now the restriction homomorphism
Composing now with an isomorphism J(A) ∼ = C * from Proposition 4.2, the map r A determines an element of Hom(K ⊥ X , C * ) ∼ = (C * ) 6 . As there are precisely two group isomorphisms J(A) ∼ = C * , we must take the quotient by Z/2Z. To be more precise let L E 6 be the E 6 lattice (see e.g. [Dol12, 8.2 .2]) which is, by choice of a geometric marking, isometric to K ⊥ X , then if we denote by T the torus
Note that if α ∈ L E 6 is a root, then r A (α) = 1 (where here 1 corresponds to the trivial element O A ∈ J(A)) since otherwise the 6 points giving the blowup description of X are not in general position, e.g. r A (e 1 − e 2 ) = 1 if two of the points are the same, r A (ℓ − e 1 − e 2 − e 3 ) = 1 if the three points are collinear or r A (2ℓ − e 1 − · · · − e 6 ) if the six points lie on a conic. In particular we see that the kernel of the map f α : T → C * : χ → χ(α), which is a hypertorus in T , is not contained in the image of D n 3 for any root α. Note that the roots α, −α both give the same hypertorus, so we need only consider positive roots, the set of which we denote by R + . For the computations, we note that ker f α = {χ ∈ T : χ(v) = χ(refl α (v))} is the fixed locus of the reflection in α. Finally, we denote the complement by
If (X, A, p) ∈ D c 3 so that A has a cusp at p, an isomorphism J(A) ∼ = C is defined up to C * , and so if V = Hom(L E 6 , C) we get a map D c 3 → P(V ). Analogously to the nodal case, we have hyperplanes ker f α ⊂ V for α a positive root, for which we define V E 6 = V \ α ker(f α ) and note that the image of D c 3 lies inside V E 6 /C * which for ease of notation and to emphasise that it is a complement in a projective space we denote by P ′ (V E 6 ).
If (X, A, p) ∈ D 2n 3 so that A has two irreducible components F 1 , F 2 meeting transversely at two points one of which is p then 1 J(A) ∼ = C * . For example, by picking a suitable geometric marking we have
Fixing f 1 with f 2 1 = −1 there will be a unique f 2 (with f 2 2 = 0) corresponding to an irreducible curve class so that f 1 + f 2 = −k, so every line f 1 will contribute one different torus. Denote T (f 1 ) = Hom( f 1 , f 2 ⊥ , C * ) and as in previous cases, we want to avoid characters which are trivial on positive roots, so we denote
If (X, A, p) ∈ D tn 3 so that A has two irreducible components F 1 , F 2 meeting non-transversely at one point p with multiplicity two, then the classes of the F i give an isometry f 1 , f 2 ⊥ = L D 5 as in the case D 2n 3 , so we obtain (following the notation of the previous two paragraphs) a point in P ′ (V D 5 (e)).
If (X, A, p) ∈ D 3n 3 (resp. D tp 3 ), A = F 1 + F 2 + F 3 is the sum of three lines (e.g.
[Dol12, 9.1.10]). Note that W (E 6 ) acts transitively on the set of tritangent trios [Dol12, 9.1.9] and a list of them (in terms of a chosen basis) can be found loc. cit. Analogously to the cases above we obtain that r A lies in T F 4 (f 1 ) (resp. P ′ (V F 4 (f 1 )) ). There is a Z/3Z-action permuting the lines which we must eventually quotient by.
The following is now completely analogous to [Loo93, 1.7-1.15].
Theorem 5.1. We have the following W (E 6 )-equivariant isomorphisms
Proof. We have already constructed the corresponding morphisms in the above paragraphs. We construct now the inverse in the case D 3n 3 as the case of a triple point is analogous, and the remaining ones have already been covered in the work of Looijenga [Loo93, 1.8, 1.11, 1.13, 1.15] for degree 2 Del Pezzo surfaces, but follow mutatis mutandis in our case. Assume we are given a χ ∈ (Z/2Z)\T F 4 (e 1 ), that is to say an element of Hom(L F 4 , C * ) where we identify L F 4 = e 1 , e 2 , e 3 ⊥ for e 2 i = −1 so that χ(α) = 1 for all positive roots α of F 4 , and an action of Z/3Z on L F 4 permuting e 1 , e 2 , e 3 . We want to construct a cubic surface with a geometric marking from this data. Given a geometric marking, the e i will correspond for example to the lines 2L − 5 i=1 E i , L − E 5 − E 6 , E 5 respectively on a cubic surface. Consider an abstract curve A which is a triangle configuration of three smooth rational curves F 1 , F 2 , F 3 , along with a Z/3Z-action on A which permutes the irreducible components through the marked singularity. Fix a group isomorphism φ : C * → J(A), and note that from Riemann-Roch we have an isomorphism ψ : Pic 1 (A) → A sm . Pick a general point P 1 ∈ F 1 ∩ A sm and define P 2 to be the point ψ(O A (P 1 ) ⊗ φ(χ(e 2 − e 1 )). By acting by the cyclic group we can ensure P 2 ∈ F 1 ∩ A sm . Similarly define two more points on
Finally, define P 6 ∈ F 2 ∩ A sm to be the image of P 1 under the Z/3Z-action. The linear system |O A (P 1 + P 2 + P 6 ) ⊗ φ(χ(ℓ − e 1 − e 2 − e 6 ))| defines a morphism h : A → P 2 which embeds F 1 as a conic, F 2 as a line and contracts F 3 . Our desired cubic surface will now be the blowup of P 2 at the images of the five points P i and at the point which is the image of F 3 .
What remains to be checked is that the six points in the plane -call them P i again from now on for simplicity -are in general position. Since χ(e i+1 − e i ) = 1 (as these are roots in F 4 ) for i = 1, 2, 3, the points P 1 , . . . , P 4 are distinct, as is P 6 as it lies on a different component. Since these previous 5 points are smooth points of the image of A, they all differ from P 5 = h(F 3 ). The condition that all 6 of them do not lie on a conic is automatic as P 1 , . . . , P 5 already lie on the conic h(F 1 ) whereas P 6 does not. Similarly, no three of {P 1 , . . . , P 5 } are collinear as they all lie on a conic. From the definition of the P i for i ≤ 4 we find that |O A (P i + P j + P 6 ) ⊗ φ(χ(ℓ − e i − e j − e 6 ))| is, for 1 ≤ i < j ≤ 4, the same linear system as that inducing h so P i , P j , P 6 are not collinear as we have twisted by the non-trivial value under χ of the root ℓ − e i − e j − e 6 . That P i , P 5 , P 6 are not collinear for i ≤ 4 is automatic as P 5 , P 6 lie on the line h(F 2 ) whereas the remaining P i do not.
Cohomology of arrangement complements.
We recall the definition, due to Dimca-Lehrer [DL97, §3] , that an irreducible complex variety X is minimally pure if each cohomology group H i c (X, C) is a pure Hodge structure of weight 2i − 2dim(X). In a minimally pure variety, one can define what it means to be a minimally pure arrangement, examples of which are toric arrangements and arrangements of hyperplanes. An important feature of minimally pure arrangements is that their complements are minimally pure. There is also an explicit formula for the cohomology of the complement of a minimally pure arrangement in terms of the intersection poset. In order to state the result, we define the equivariant Poincaré polynomial P (X, t) at an automorphism σ of X of finite order as
Theorem 5.2 (Macmeikan [Mac04] ). Let A = {A i } i∈I be a minimally pure arrangement in a minimally pure variety X and let
denote the complement. Let σ be an automorphism of X of finite order which stabilises A as a set and let L σ be the poset of intersections of elements of A which are fixed by σ and let µ be its Möbius function. Then
The above result is a generalization of the Orlik-Solomon formula for hyperplane arrangements. The poset L σ quickly becomes very large (e.g. the poset of the toric arrangement associated to E 6 contains 5079 elements) and computations by hand are therefore rarely an option. There are however efficient algorithms and implementations in the case of hyperplane arrangements, due to Fleischmann and Janiszczak [FJ93] , and in the case of toric arrangements, due to the first author, [Ber16] . This has allowed us to compute Tables 4-9. We should remark that the contents of Table 5 can be found, in a slightly different form, in [FJ93] and Table 4 can be found in [Ber16] . Information relevant for the computation of Table 9 resp. Table 8 can also be found in [FJ93] resp. [Ber16] .
We recall the following construction, due to Looijenga [Loo93] , which allows the computation of some unions of loci of the type D * d as in Section 4. Let A be an arrangement of codimension 1 subtori in a torus T such that each element of A passes through the identity of T and let D = Z∈A Z. Let T ′ be the blowup of T in the identity and let D ′ be the strict transform of D. Let V be the tangent space of the identity in T . We may then identify P(V ) with the exceptional divisor in T ′ . Under this identification, let D V = D ′ ∩ P(V ). We then have
Lemma 5.3. (Looijenga, [Loo93, Lemma 3.6]) Let Γ be a group stabilizing A as a set. There is then a Γ-equivariant exact sequence of mixed Hodge structures
If A is the toric arrangement associated to a root system, then P(V ) \ D V is the projectivization of the corresponding arrangement of hyperplanes. Thus, in this case one can obtain the cohomology of T ′ \ D ′ by computing the cohomology of the complement of a toric arrangement and the cohomology of the complement of a hyperplane arrangement.
Let Φ be a root system. Let T Φ be the complement of the toric arrangement associated to Φ, let V Φ be the complement of the hyperplane arrangement associated to Φ and let T ′ Φ be the variety obtained from T Φ by blowing up the ambient torus in the identity, as described above. Completely analogously to [Loo93, Propositions 1.17, 1.18] we have isomorphisms as follows.
Proposition 5.4. There are W (E 6 )-equivariant isomorphisms
If we recall Theorem 5.1 and apply Lemma 5.3 to Proposition 5.4 we obtain the following.
Corollary 5.5. The cohomology groups of
3 are all pure of type (i, i). Moreover, in the representation ring of W (E 6 ), the following equalities hold
. Note now the following theorem of Wells which we will use repeatedly. . Since the latter is pure of type (i, i), the same is true for H i (D 3 ). Similarly, we get an injection
Since F acts with all eigenvalues equal to q i−4 on the latter, the same is true for its action on the subspace H í et,c (D 3 , Q ℓ ).
6. PROOF OF THEOREM 1.2
The following will be used repeatedly.
Lemma 6.1. (Looijenga, [Loo93, Lemma 4.1]) Let X be a variety of pure dimension and let Y ⊂ X be a hypersurface. Assume furthermore that both X and Y are rational homology manifolds. Then there is a Gysin exact sequence of mixed Hodge structures
As an application of the above and our analysis in Section 4, we obtain the following key Lemma.
Lemma 6.2. There are W (E 6 )-equivariant inclusions of mixed Hodge structures from H i (D 3 ) to the i-th cohomology of any of the following spaces
Proof. Some of the cases are explained above. We give a proof only in the case of
and let X = U ⊔ Y . We apply Lemma 6.1 and get an exact sequence of mixed Hodge structures
Since both H i (Y ) and H i (U ) are pure of type (i, i) we see that H i (X) can consist of at most two parts -one of type (i, i) coming from H i (U ) and one of type (i − 1, i − 1) coming from H i (Y ). The forgetful morphism X → D 3 is proper so from Theorem 5.6 we get an inclusion of mixed Hodge structures
But by Corollary 5.7 we know that H i (D 3 ) is pure of type (i, i) so the image of the above injection must lie in the (i, i) part of H i (X) which is in turn contained in H i (U ).
By using the above inclusion to compare the S 6 -equivariant information about 
). On the other hand, any tritangent trio may be expressed (as an element in the Picard lattice) as a linear combination of the elements in a geometric marking. We fix such an expression T 0 of a tritangent trio and denote the component of D T 3 where the tritangent trio has the given expression by D
where the action on the components is the action on the cosets in W (E 6 )/Stab(T 0 ). The stabilizer Stab(T 0 ) is isomorphic to W (F 4 ) (see [Dol12] ) and D T 0 3 is isomorphic to D 3 so, in terms of cohomology, we have
3 ) we conclude the following.
By using the information obtained from Table 8 and Table 9 we may deduce H 3 (D 3 )as a representation of W (E 6 ) while we still have three possibilities for H 4 (D 3 ).
We now make the following simple observation. We know that
and we know Tr(σ, H i (D 3 , Q ℓ )) for i = 0, 1, 2, 3 and, for each σ ∈ W (E 6 ), we have at most three different possibilities for Tr(σ, H 4 (D 3 , Q ℓ )). We may thus plug in the different values for Tr(σ, H 4 (D 3 , Q ℓ )) and see what we get. The result should be a polynomial counting the number of fixed points of an automorphism of a variety over F q but in two out of three cases one finds that there are σ for which the polynomial takes negative values at q = 2. In this way we finally determine H 4 (D 3 ) as a representation of W (E 6 ) as given in Theorem 1.2.
QUARTIC DEL PEZZO SURFACES WITH ANTICANONICAL CURVES
Recall the decomposition
In this section we will show how to compute the cohomology groups of the various loci above, using hyperplane and toric arrangements like in the cubic case in Section 5. The resulting computations are all presented in the second Appendix. Using these descriptions, the same ideas as in Section 6 and the methods developed in [FJ93] and [Ber16] we compute the cohomology groups of D n 4 and D c 4 in the second Appendix. We remark that, quite unexpectedly, D c 4 has zero fourth cohomology group. We will elaborate on this in Remark 7.3. 7.2. Anticanonical curves with two components. If an anticanonical curve A consists of two components A 1 and A 2 these components must have classes of the following three types
In cases (1) and (3), A 1 , A 2 ⊥ is a root system of type A 4 while in case (2) we get a root system of type We give the cohomology groups of the above moduli spaces in the second Appendix. we first compute the cohomology of the complement of the projectivised hyperplane arrangement associated to A 4 and then induce up to W (D 5 ) before taking (Z/2Z) 4 -invariants. Thus, in light of Frobenius reciprocity, the equality of the tables is not as remarkable as it would seem at first sight. 7.3. Anticanonical curves with three components. If an anticanonical curve A consists of three components A 1 , A 2 and A 3 these components must have classes of the following three types
Each of these cases gives a root system of type A 3 and W (D 5 ) acts transitively on the set of anticanonical curves with three components. 
